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Recent developments in turbulence are focused on the effect of large scale anisotropy on the small
scale statistics of velocity increments. According to Kolmogorov, isotropy is recovered in the large
Reynolds number limit as the scale is reduced and, in the so-called inertial range, universal features -
namely the scaling exponents of structure functions - emerge clearly. However this picture is violated
in a number of cases, typically in the high shear region of wall bounded flows. The common opinion
ascribes this effect to the contamination of the inertial range by the larger anisotropic scales, i.e. the
residual anisotropy is assumed as a weak perturbation of an otherwise isotropic dynamics. In this
case, given the rotational invariance of the Navier-Stokes equations, the isotropic component of the
structure functions keeps the same exponents of isotropic turbulence. This kind of reasoning fails
when the anisotropic effects are strong as in the production range of shear dominated flows. This
regime is analyzed here by means of both numerical and experimental data for a homogeneous shear
flow. A well defined scaling behavior is found to exist, with exponents which differ substantially from
those of classical isotropic turbulence. Contrary to what predicted by the perturbation approach,
such a deep alteration concerns the isotropic sector itself. The general validity of these results is
discussed in the context of turbulence near solid walls, where more appropriate closure models for
the coarse grained Navier-Stokes equations would be advisable.
PACS numbers: 47.27.Nz, 47.27.-i
I. Introduction.
One of the issues in fluid dynamics concerns the small
scale behavior of turbulence. According to Kolmogorov,
turbulent flows at sufficiently large Reynolds number de-
velop a range of scales, much smaller than the integral
scale of the system, where the dynamics is isotropic, uni-
versal and independent of viscosity. In these conditions
statistical observables such as the moments of the veloc-
ity increments between two points are expected in the
form of power laws of separation with universal expo-
nents. These scaling laws are normally exploited in clo-
sures for the Navier-Stokes equations, coarse grained at
inertial scales. In many cases, however, inertial range
predictions are violated and this entails the failure of the
related closures. It typically occurs in shear dominated
flows, such as boundary layers near solid walls.
Actually, shear flows exhibit distinct ranges of scales,
see Fig. 1 for nomenclature and definitions. When the
Reynolds number is sufficiently large, a classical iner-
tial subrange [1] sets in between the dissipative scale,
η, and the energy injection scale, `. In equilibrium
shear flows, where production and dissipation balance,
` = Ls =
√
/S3. In the inertial subrange the lon-
gitudinal spectrum behaves like Exx(kx) ∝ 2/3k−5/3x ,
and the longitudinal structure functions exhibit scaling
laws, Sn ∝ rζ(n)x [2], with exponents consistent with
homogeneous isotropic data. There is however a resid-
ual effect of the anisotropy, as shown by the nth order
structure tensors S
(n)
α1, ..., αn(rβ) = 〈δuα1 . . . δuαn〉, where
δuα = uα(xβ + rβ) − uα(xβ) [3]. The proper tool to
address this issue is by projecting the relevant tensors
on the invariant subspaces of the rotation group, the so-
called SO(3) decomposition. Due to the rotational invari-
ance of the Navier-Stokes equations, such SO(3) compo-
nents are found to manifest pure scaling laws in terms
of separation r =
√
rαrα. The exponents are indepen-
dent of the flow details and the isotropic sector behaves
exactly as in isotropic turbulence. In the inertial sub-
range, the anisotropic contributions are subleading and
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FIG. 1: Sketch of the shear flow and nomenclature: the
mean flow U(y), in the x ≡ x1 direction, is a function of
y ≡ x2, with z ≡ x3. For a linear mean profile, the shear rate
S = dU/dy is constant and the flow is spatially homogeneous.
In wall bounded flows the shear rate depends on distance
from the wall. The field is the sum of average and fluctua-
tion, with the latter denoted by uα, α = 1, 2, 3 - i.e. ux/y/z,
or u, v, w. The production of turbulent kinetic energy is
Π = S 〈uxuy〉, where 〈uxuy〉 is the relevant component of the
Reynolds tensor 〈uαuβ〉. The square root of its trace is the
fluctuation intensity qrms =
 
〈uαuα〉. The dissipation rate
is  = 〈 1/2ν (∂uα/∂xβ + ∂uβ/∂xα) (∂uα/∂xβ + ∂uβ/∂xα)〉,
where ν is the kinematic viscosity of the fluid. Kolmogorov
dissipative scale is given by η =  ν3/ 
1/4
and the Taylor mi-
croscale is defined via  = 5 ν q2rms/λ
2. Reλ = λqrms/ν is the
relevant form of the Reynolds number.
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FIG. 2: Sketch of the spectrum Exx(kx) (solid line). The
dashed and dash-dotted lines correspond to k−1x and to k
−5/3
x ,
respectively. The crossover is at ks = 2pi/Ls. The dissipative
wavenumber is kη = 2pi/η and the cut-off wavenumber, k∆ =
2pi/∆, is within the inertial subrange, ks < kx < kη.
the isotropic sector controls the small scale asymptotics
[3–5]. All these results rest on the assumption that, at
inertial scales, anisotropy is at most a weak perturbation
of an otherwise isotropic dynamics.
The production range of shear flows - below ks in
Fig. 2 - is less understood and, presumably, flow de-
pendent. There a perturbation approach cannot work,
since anisotropy is the prominent characteristics associ-
ated with the sustainment of turbulent fluctuations. Also
in the production range, however, certain features seem
to be universal. The spectrum displays a k−1 power law
- Exx(kx) ∝ k−1x - for kx < 2pi/y near solid walls. Rel-
ative exponents - ζrel(n) = ζ(n)/ζ(3) [6] - show system-
atic differences with respect to classical results [7–9] and
consistent deviations are found in direct numerical sim-
ulations (DNS), either in presence [10–12] or absence of
solid boundaries [13]. All these indications support the
conjecture of a universal regime. However a direct ev-
idence, e.g. in terms of scalings in physical separation,
has been missing so far.
Several reasons may have prevented the identification
of a shear-dominated scaling regime, Sn(r) ∝ rζS(n). On
the one hand, limitations on the Reynolds number of
present-day DNS hinder the direct observation of scaling
laws. On the other hand, experiments cannot provide
the spatial information to distinguish the contributions
of different SO(3) sectors and this, as we shall see, may
lead to an ambiguous physical interpretation.
Purpose of the present letter is to assess the existence
of shear-dominated scaling laws in the simplest condi-
tions of a homogeneous shear flow, see Fig. 1. The com-
bined use of experimental and numerical data will enable
us to extract the exponents for the isotropic sector to a
sufficient degree of accuracy to claim that their values
definitely differ from those of the inertial subrange.
We address different data sets. The experimental ones
are described in [14]. The others are provided by highly
resolved large eddy simulations (LES) at three different
shear intensity. The LES approach by achieving suffi-
ciently large Reynolds numbers allows for scaling laws in
terms of separation to emerge.
II. Large Eddy Simulation. In LES the coarse
grained field u¯α(xβ , t) is related to the fine grained field
uα(xβ , t) via a spatial filter G with cut-off length ∆ [15],
u¯α(xβ , t) =
∫
G∆(xβ − x˜β)uα(x˜β , t)d3x˜ . (1)
The flow has the mean profile sketched in Fig. 1 and
periodic initial conditions on the fluctuating field. The
equation for the coarse grained solenoidal field is
∂u¯α
∂t
= αβγuβζγ −∂αpi+ν ∂ββ u¯α−Su¯yδα1− ∂uαU
∂x
, (2)
where pi is the sum of pressure and kinetic energy den-
sity and the permutation symbol αβγ performs the cross
product between velocity and its curl ζα.
Equation (2) alone is insufficient to determine u¯α and
a suitable closure is needed. The approximate deconvo-
lution method (ADM [16]) uses an approximate inversion
of the filter to reconstruct uα from u¯α and evaluate the
unclosed terms αβγuβζγ and uαU .
The simulation follows the standard, state-of-the-art
numerical procedure for homogeneous turbulence subject
to uniform shear [17, 18]. Here the filter cut-off ∆ is
always much smaller than Ls to have the solution vir-
tually unaffected by the model in the production range.
The resolution is Nx × Ny × Nz = 192 × 216 × 96, with
Stmax ' 500 and Dt(/η2)1/3 ' .03.
III. Scalings in the shear dominated range.
The homogeneous shear flow is characterized by two
independent parameters, S∗ = Sq2rms/ and Reλ =
qrmsλ/ν. Longitudinal structure functions
Sn(rx) = 〈(ux(x + rx, y, z) − ux(x, y, z))n〉 (3)
from simulations and experiments are compared in Fig. 3.
In the two cases - experiments and LES - the structure
functions agree very well, not only in shape but also in
magnitude. A scaling behavior in terms of separation is
clearly inferred from the plots and confirmed by the inset.
Experiments and numerics provide identical exponents.
In comparison, the exponents of isotropic turbulence are
considerably different, see the figure caption.
Longitudinal structure functions follow from the su-
perposition of all the SO(3) sectors [3],
Sn(rx) =
∞∑
j=0
j∑
m=−j
S
(n)
jm (r)Yjm(0, 0) , (4)
where Yjm(θ, φ) are the spherical harmonics in terms
of polar, θ, and azimuthal, φ, angles. Here j denotes
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FIG. 3: Longitudinal structure functions vs separation, ex-
periments (symbols) - n = 2 (triangles), n = 3 (squares),
n = 4 (delta), n = 5 (diamonds) and n = 6 (circles) - and
LES (solid line). Moments n = 3, 4, 5, 6 are multiplied by 2.
Data normalized by qrms, r
+ = r/η. In the experiment Π '
 ' .85m2s−3, S ' 19.s−1, qrms '
√
u2rms + 2v2rms ' .6ms−1,
S∗ ' 8 and Reλ ' 220. LES at S∗ = 7 and Reλ = 150, ∆+ =
∆/η = 17, L+s = Ls/η = 70. Computational box: Lx = 4pi,
Ly = 2pi, Lz = 2pi, with L
+
x = 1250. Concerning the integral
scale L = q3rms/, L
+ = L/η = 1400. In the inset, the same
data in compensated form, Sn/r
ζs(n), same symbols: ζs(n) =
0.72, 1.00, 1.23, 1.42, 1.58, for n = 2, 3, 4, 5, 6, respectively
(For isotropic flows ζ(n) = 0.69, 1.00, 1.28, 1.54, 1.78).
the sector, with j = 0 the isotropic contribution in-
dependent of the orientation of the radial vector, and
S
(n)
jm (r), −j ≤ m ≤ j, the 2j + 1 components of the
structure function in the jth sector. In principle, scaling
laws in the different sectors with j-dependent exponents,
S
(n)
jm (r) ∝ rζj(n), may lead to a blending of power laws,
and to an effective logarithmic slope in the complete lon-
gitudinal structure functions. If this is the case, the effec-
tive slope would strongly depend on the relative intensity
of the different sectors, resulting in a highly flow depen-
dent feature. We will see below that the scaling laws
emerge in a different way.
In order to ascertain the physical origin of the scalings
reported in Fig. 3 it is appropriate to extract the dom-
inant contributions from the general SO(3) decomposi-
tion. The interest is naturally focused on the isotropic
sector, j = 0. Unfortunately experimental data can
hardly be used to cleanly extract the pure isotropic com-
ponent, S
(n)
00 (r), due to the lack of spatial information.
However this is easily done on the basis of numerical data,
considering that Y00(θ, φ) ≡ 1/
√
4pi, so that
S
(n)
00 (r) =
1√
4pi
∫ pi
0
∫ 2pi
0
Sn(rx, ry, rz) sin(θ) dθdφ . (5)
Results for n = 6, where the difference between the expo-
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FIG. 4: Isotropic component of the sixth order longitudi-
nal structure function normalized by its dimensional scaling,
S
(6)
00 /r
2. High shear case: circles, parameters defined in the
caption of Fig. 3. Low shear case: triangles, S∗ = 2.2, Reλ =
160, L+s = 430, L
+ = 1325, L+x = 1630, ∆
+ = ∆/η = 20. In-
termediate shear case: diamonds, S∗ = 5.4, Reλ = 150, L
+
s =
110, L+ = 1320, L+x = 1320, ∆
+ = ∆/η = 17. The slope of
the solid lines is −.42, corresponding to ζs(6) = 1.58±.08. For
the dashed lines the slope is −.22, i.e. ζ(6) = 1.78±.08. In the
inset, the local slope (diamonds filled for better readability).
nent of the longitudinal structure function - ζs(6) = 1.58
- and that of isotropic turbulence - ζ(6) = 1.78 - is par-
ticularly large, are reported in Fig. 4. Here the isotropic
contribution S
(6)
00 (r) is plotted for three different shear
intensity S∗. The first one, the high shear case (circles),
is the same we have already discussed. It is clear from
the plot that 1.58 (solid line) is the appropriate exponent
to achieve compensation. It is also clear from the figure
that the classical isotropic value of 1.78 (dashed lines)
is unsuitable to fit the data. We conclude that a pure
scaling law with an exponent considerably smaller than
the isotropic one characterizes the isotropic sector of this
shear dominated flow. This exponent is able to fit also
the longitudinal structure functions, as already shown in
Fig. 3. The SO(3) decomposition allows here to exclude
contamination effects from the anisotropic sectors.
The difference between 1.58 and 1.78 represents the
shear-induced alteration of the exponent in the isotropic
sector of the sixth order structure function. Contrary
to expectation, this effect is not a flow dependent su-
perposition of universal exponents of all sectors, but the
modification of the exponent of the isotropic sector itself.
As we may expect from the previous analysis, below
the shear scale we recover the isotropic exponents. Go-
ing below Ls still remaining sufficiently apart from dis-
sipative effects requires some care in the homogeneous
shear flow. To this purpose we have selected the low
shear case defined in Fig. 4 (triangles) [19, 20]. The plots
in the figure are self-explanatory: below the shear scale
4we actually reproduce the results of isotropic turbulence.
Ideally, when the shear scale lays in the middle of the
scaling range, one should observe the simultaneous pres-
ence of the two scaling behaviors. This is what happens
indeed in the third case (diamonds) where the isotropic
component of the sixth order structure function scales
with ζ(6) = 1.78 (dashed line) at small scales and with
ζs(6) = 1.58 at large scales. With acceptable precision,
the cross-over is found at r = Ls.
IV. Final comments. In conclusion, we have pro-
duced scaling laws in physical separation for the shear-
dominated range of the homogeneous shear flow. The
exponents are lower than those of the classical inertial
subrange consistently with the larger intermittency of the
production scales.
It should be mentioned that the fitting range must
be carefully selected for accurate extraction of the pure
exponents. Different problems may emerge, in general,
when addressing data pertaining to shear flows. Typi-
cally, in experiments the shear scale is not always known
with sufficient precision due to uncertainty in the evalu-
ation of . Moreover, in wall bounded flows the near-wall
region can be resolved only at small Reynolds number.
At this point it is natural to ask ourselves the follow-
ing questions. Are the scaling exponents universal for
any kind of shear flow? In other words, may we trans-
fer what we have found in the homogeneous shear flow
to all other shear-dominated flow conditions? The an-
swer may be given by an indirect approach. One of the
present non-trivial results is that S3(rx) scales linearly
with separation in the production range, see ζs(3) in the
caption of Fig. 3. Hence, the relative exponents extracted
from shear flow data can be used to infer ζs(n) = ζrel(n)
[6]. Actually, all the data available to us - channel flows,
boundary layers at different distance from the wall, ho-
mogeneous shear flows and presumably even jets - yield
the exponents we have produced here. In other words,
the production range of shear flows seems to be charac-
terized by the universal set of scaling exponents given in
Fig. 3. From the point of view of applications such uni-
versality is instrumental for developing proper closures
for LES of wall bounded flows.
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